We derive lower bounds for the distance between consecutive zeros of solutions of (*) y" + q(t)y = 0 when q takes both positive and negative values. We apply our results to the limit point/limit circle classifications of (*).
Introduction
We consider the linear, second order differential equation (1.1) y" + q(t)y = 0 where we suppose that q is a real-valued member of L,'oc. The question that we consider here is that of determining a lower bound for the distance between consecutive zeros of a solution of (1.1). Perhaps the best known existing result of this type is due to Lyapunov. Theorem A. Let q be continuous on [a, b] . A necessary condition for a nontrivial solution of (1.1) to have two zeros in [a, b] is that b 4 q+(t)dt > twhere q+(t) := max(0, q(t)).
A proof of this result may be found in the books [1] and [3] and extensions are given in [2] and [4] .
Intuitively, one would expect that if q had a large negative part, or if q were oscillatory, then the distance between consecutive zeros would tend to become larger. Theorem A would be unable to detect this difference. Our object in this paper is to extend Theorem A in such a way as to use the negative part of q to obtain a keener bound. This is achieved in Corollary 2.2 below.
We also demonstrate, by means of Examples 2.1 and 3.1, the rather surprising fact that, under certain circumstances, the greater the frequency of oscillation of q , the smaller the frequency of oscillation of solutions of (1.1). This effect could not have been observed by previous results.
Lower bounds for the distance between successive zeros of non-trivial solutions of (1.1) have application to the limit point/limit circle classification of (1.1). This connection was established by Patula and Wong in [6] and exploited by Yan in [7] .
In §3 we use our results to derive simple criteria for ( 1.1 ) to be the limit point at infinity. Proof. Suppose the contrary, then there exists a non-trivial solution y of ( 1.1 ) with y(a) = y(b) = 0 for a < a < b < ß. Without loss of generality we assume that y(t) ^ 0 for t e (a, b). By Theorem 2. for all a > 0 and for every two disjoint subintervals, I\ and I2 of [t, t + ô], then the distance between consecutive zeros of y is unbounded as t -* oo. Proof. We suppose for a contradiction that (1.1) has a solution, y, whose sequence of zeros {i«}£Li contains a subsequence {i^}^, such that 0 < t"k+1 -t"k < ô for some S and all k. By Theorem 2. for Cn € (t" , t"+\). We thus have that tn+\ -t" -► 0 as « -> oo . For a fixed ¿o > 0 and for any t > t2, let k be the least integer such that tk > t. 
